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Apparent rate constant for diffusion-controlled three-molecule reactions
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We present simple explicit estimates for the apparent reaction rate constant for three-molecule
reactions. For diluted systems and d > 1, it depends only on the diffusion coeflicients and sizes of the
reacting particles. For small concentrations and d < 1, it is also time dependent. For concentrated
systems, it gains the dependence on concentrations.

PACS number(s): 82.20.—w, 05.20.Dd, 82.40.—g, 05.40.+j

I. INTRODUCTION

Three-molecule chemical reactions are important for
catalysis [1], where two particles, say A and B, react
in the presence of a third substance, “catalytic site” C.
Applications to coagulation were addressed in [2].

To our knowledge, the first attempt to develop a the-
oretical description of the kinetics of the three-molecule
reaction [3]

A+ B+ C =5 Product, (1)

was made in [4,5], in which the heuristic mean-field-like
analysis of the reaction kinetics for large C sites was
presented. Here k; is the “chemical” reaction rate con-
stant, which determines the reaction rate per one three-
particle encounter. Recently, three-molecule reactions
gained much more interest and important results were
obtained [2,6-10].

The theory of the bimolecular diffusion-controlled re-
actions

A+ B £ Product (2)

started with the mean-field-type approach in d = 3 [11].
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The most important result of this theory is the funda-
mental Smoluchowsky reaction rate constant, kgmor- It
determines the apparent rate constant k,p, and, hence,
the mean reaction rate

dC4
7 = _'kapPCACBa (3)
where C4 and Cp are the mean concentrations. Fre-
quently kqpp obeys the “inverse resistance law” [12,13]

11t @

kapp ktransp kchem

For the reaction (2) in 3D the “transport” constant is
kiransp = ksmor and the “chemical” constant is kchem =
ky. For bimolecular reactions in diluted systems the
mean-field theory is adequate for a large time domain and
therefore first attempts to improve the Smoluchowsky
theory concerned concentration-dependent corrections to
ksmor- It took a long time, starting from the early works
[14-19], to recognize that fluctuation effects can be signif-
icant since they may determine the long-time asymptotic
for the concentration dependencies [20].

In the three-molecule reactions theory the recent works
are concentrated mainly on the long-time behavior
and/or d = 1 although a mean-field-like theory is not
elaborated on and the analogue of kg, is not calcu-
lated [21]. Particularly, Refs. [2,7,6] stress that for the
long-time kinetics of the reaction (1) with A = B = C,
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i.e., for the reaction A + A + A £t 1A with I < 3, the
fluctuation effects are not decisive and that the concen-
tration of A, Cy4, for t = oo and d > 1 is governed by

Ca o 1/V/4, (5)

and for d = 1 contains “logarithmic corrections,”

C4 x /(Int)/t. (6)

Corrections such as those that appear in Eq. (6) have
been confirmed numerically in [7] and then explained the-
oretically on the basis of the renormalization group (RG)
treatment [9] and heuristic argument [10].

In our paper we present simple explicit estimates for
the Smoluchowsky-like rate constant, k:s, which deter-
mines for three-molecule reactions in d-dimensional sys-
tems the apparent rate constant in the equation

dC A(t)
d

= -—kapp(SACA (t)CB (t)CC (t)v (7)

where § 4 = the number of A particles which enter the re-
action minus the number of A particles which the Prod-
uct contains.

(i) For small C sites and/or diluted systems we show
that for d > 1 kqpp =const and for d = 1 it is time
dependent. Therefore, Eq. (7) leads to Eq. (5) if C4 =
Cg =Cc and t — oo in d > 1. For the same conditions
in d = 1 we regain Eq. (6). We stress that in this case
the result is still a mean-field result, since the fluctuations
are not incorporated (see [22] for a more detailed analysis
of the fluctuation effects on the k-particle reactions with
different types of initial distributions). However, even for
d > 1, kgpp is renormalized by the transport processes
and, therefore, it is not equal to k;.

(i1) For large C sites and/or concentrated systems we
show that k,pp in Eq. (7) becomes a function of the mean
concentrations and, therefore, Eqs. (5) and (6) are not
valid. For important limiting cases, we present explicit
results which are substitutes for Egs. (5) and (6).

In order to understand the main scaling laws for ki
we consider first a simplified hoping picture with cor-
relations in the reaction zone (RZ) and without correla-
tions at larger distances. For important limiting cases we
present also the more traditional diffusion-reaction equa-
tion approach. To clarify these ideas we start with the
bimolecular reaction (2).

II. BIMOLECULAR REACTIONS

A. Smoluchowsky theory

According to the Smoluchowsky theory, the concentra-
tion of B particles at the distance 7 from the center of the
A particle, Cg(r,t), is governed by the diffusion equation

aCp(r,t)

= D,4gV? t
3t 4BV*Cpg(r,t), (8)

where Dag = D4 + Dp, with the boundary conditions

® = S4DapVCpE(7,t) |r=r,p = ksCB(RaB,t), (9)

Cp(r = oo,t) = Cp, (10)

where Rpp = R4 + Rp and ® is a flux of B particles
through the d-dimensional sphere |r| = R4p with the
surface S;. The reaction rate is equal to the quasi-steady-
state value of ® multiplied by C4. For d = 3 it leads to
Eq- (4) with kchem = ka ktransp = kSmola and

4nRD s ford =3
wDap
kSmol — 132}%& fOI‘ d =2 (11)

/4D ag/(wt) for d = 1.

For t > R% /D in d < 3 and for ky > ksme in d > 3,
kapp = ksmot- In d = 3, the deviation of Cg(r,t) from the
limiting value Cp decreases as Rap/|r| and, therefore,
the size, L, of RZ where the distributions of A and B
are correlated, is of the order of the reaction radius Rap.
Contrary to d = 3, in d = 1 the correlated region grows
proportionally to v/D4spt. The d = 2 case is marginal.
In low dimensions, d < 2, the diffusion is recurrent, the
space exploration is compact [23], and hence the number
of the returns of the diffusing particle to the origin tends
to infinity as t & oo. Therefore, the volume of RZ [23]

Qo L2, (12)
where

Lox Rap ford>2and L x \/Dypt for d < 2. (13)

B. Hoping model

Let us now consider the simplified picture of the reac-
tion (2) in which the correlations for A and B are present
only in the RZ and the exchange of A(B) particles be-
tween the RZ and the nondisturbed region is a “one step”
process with the frequency, v4(p) « L?/D4(p), which
equals to the minimum eigenvalue for the corresponding
diffusion problem. Here we also assume that the con-
centration of the reacting particles is small, so we can
consider only pairs AB and neglect configurations with
more particles B(A) in the RZ of A(B). Thus the re-
action rate is proportional to the number of AB pairs,
N 4B, and the balance equation reads as

dN B
dt

Nup
Qv'’

= v (QVCACB — NyB) — ks (14)
where V is the total volume of the system and vap =
va+vp. The first term on the right-hand side of Eq. (14)
is the rate of jumps into the RZ, the second term is es-
cape rate from the RZ, and the third term is the reaction
rate. The quasi-steady-state solution of Eq. (14) for the
reaction rate yields the result, Eq. (3) and Eq. (4) with
kchem = kb and kiransp = vapf. Taking advantage of
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Egs. (11)-(13) we conclude that
VABQ = kSmol (15)

with the accuracy of the insignificant numerical multi-
pliers for d = 1 and d > 3, and with the accuracy of
logarithmic corrections for d = 2.

III. THREE-MOLECULE REACTIONS
A. Probability distributions

Consider the reaction (1) with an immovable C site,
Dc = 0. In order to take three-molecule correlations
into account we write down the master equation for the
joint probability P(n4,npg) of having n 4 particles A and
np particles B in the RZ, near a C site,

dP(nA,nB)

=1 i Ireact- 16
gt diff + ¢ (16)

The diffusion and reaction terms here are given by

Lyifs = —(vana +vBnp + vaQC4 + vQCB)P(na,np)
+(na+1)vaP(ng +1,np)
+(n3 + l)VBP(nA,nB + 1)
+I/AQCAP(TLA - l,nB)

+I/BQCBP(TLA,7LB - 1), (17&)
Leaet = —R(na,np)P(na,np)
+R(na+1,ng+1)P(na +1,np+1), (17b)

where R(n4,np) is the reaction rate for the RZ which
contains n4 particles A and np particles B. We assume
that the local reaction rate is equal to the product of A
and B concentrations in the RZ,

nanp

R(TLA,TLB) = kt?

(18)

B. Hoping model

1. Small A and B concentrations (small C sites)

For small A and B concentrations, such that
C4(CB)Q < 1, we consider only triples, the particles C,
which have A and B in the RZ, and pairs, the particles C
which have either A or B in the RZ. The mean number
of C particles is Noc = CcV; the mean number of CA
pairs is Noa = N¢P{1,0}; and the mean number of CB
pairs is Ncp = NcP{0,1}. The reaction rate is propor-
tional to the number of the triples, Noap = NcP{1,1}.
From Egs. (16)—(18) we obtain the balance equations

dN,
%(m =v4(QVCcCyaB) — Ncan))

—vB(QNcaB)CB(a)+NcaB), (19a)
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dNCBA _ 9V CoCp — Nos)

d
WA(QVCcCA — NCA) - th_ZNCBA.
(19b)

When v4 > vgQCp and vg > v QCy4 (which im-
plies that v4QVCcC4 > vgNcap and vgQVCcCp >
vaNcpa), the steady-state state solution of Egs. (19)
leads to the Eq. (7) for the reaction rate and to the Eq. (4)
for kopp With kchem = k¢ and kiransp = vap. Taking
advantage of Eqgs. (11)—(13), we conclude that the three-
molecule analogue of the Smoluchowsky constant is equal
to [24]

kth X VABQ2 x de_zDAB (20)

with the accuracy of the logarithmic corrections which
appear in 1D.

When one of the diffusion coeflicients, say Dpg, be-
comes small, such that Dg/D4 < C4(Cp)Q, Egs. (19)
lead to

dC

d_tA = —VBQ(SAC(;CB X _kSmol(SACCCBv (21)
where ksmor is the Smoluchowsky constant for the reac-
tion A+ C =0.

2. Large A or B concentrations (large C sites)

For C 4(5)§? > 1, the analysis of Eqs. (16)—(18) for the
averaged A(B) concentrations in the RZ,

Cls = ZO ZOP("Av"B)"A(B)/Q» (22)
na=0 ng=
leads to
acy) Mo
(B) _ (r) B
dt “VA(CA(B) _CA(B))_ktiAQ (23)

Note that the reaction term [the last term on the right
hand side of Eq. (23)] in this regime decouples into the
product of the concentrations. For the quasi-steady-state,
Eq. (23) reduces to an algebraic second order equation for
the reaction rate. When k:Cp < v492, it leads to Eq. (7)
with

VAth

= f = . 24
Karp vaQ+ kCy (24)

When k:Cp > v4Q and k;C4 > v, the steady-state
solution of Eq. (23) leads to

ddC'_tA = QCC min(uACA,VBCB). (25)

C. Diffusion appoach
1. Small A and B concentrations (small C sites)

For the small concentration limit we propose the fol-
lowing extension of the Smoluchowsky approach to three-
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molecule reactions. We place the origin into the center of
an immovable particle C' and determine the conditional
density of triples,

CAB('I‘A,T‘B,t)ddTAdd'I'B:NCAB(’I‘A,’I‘B,t)/(VCC), (26)

where Ncap(ra,7B,t) is the number of triples with a
paricle A in the volume element d%r 4 near the end of the
d-dimensional radius—vector dr 4 and a particle B in the
volume element d%rpg near the end of the d-dimensional
radius—vector drg. The analogue of Eq. (8) reads as

0CaB(ra,TB,t)

ot = (DAVEA +DBV§B)CAB (TA9TB7t)'

(27)

For the “spherically symmetric” system, i.e., for Dy =
Dg =D and C4 = Cp, Eq. (27) reduces to

0Cap(r,t) 1 1-2a 0 [ 24-19CaB(r,t)
a0 T or (28)

with the following boundary conditions:

lim C4p(r, t)r_)oo = C4Cp, (29a)
8C ap(r.t
S2p % = k:Cap(R,t), (29b)
T r=R

where 7 = /7% +r% is a distance in 2D dimensional
space. The solution of the Eq. (28) with the boundary
conditions (29) leads to the Eq. (20) ford > 1. Ford =1

(30)

2. Large A and B concentrations (large C sites)

We place the origin at the center of C particle, and
write following decoupled equations for A and B concen-
trations

8CA(B) (7‘, t)
ot
with the boundary conditions
BCA(B) (7‘, t)
or

= DA(B)VZCA(B)(T, t) (31)

Sq = kCa(r,t)Cp(r,t). (32)

[r|=Rca(m)

The solution of Egs. (31)-(32) leads to the following
expression for the flux through the reaction boundary in
the 3D system:

S =b-— \/b2—4kt2RCARCBDADBCACB, (338,)
where
27
b= *2—[47TRCARCBDADB
+kt(CARCADA -+ CBRCBDB)]- (33b)

When k:Cp < 4mRcaD 4, the solution of Egs. (33) leads
to Eq. (7) for the reaction rate. The apparent rate con-
stant is

kSmolkt

—_—. 34
kSmol + ktCA ( )

kapp =

S. F. BURLATSKY AND M. MOREAU 51

When k:Cp > 4nRcaDy and k:Cy > 4nRcpDp, it
leads to the unusual result

d
% = 47C¢c min(CARCADA,CBRCBDB). (35)

IV. DISCUSSION

Thus the hoping and diffusion models lead to simi-
lar results for the apparent rate constants—for the bi-
molecular reaction: Egs. (11) and (15), as well as for
three-molecule reactions: Egs. (20), (21), and Egs. (30),
for small C sites; and Egs. (24), (25), and Eq. (34), (35)
for large C sites. The diffusion model provides more
precise results for the marginal dimensions: d = 2 for
bimolecular reactions, Eq. (11), and d = 1 for three-
molecular reactions, Eq. (30). On the other hand, the
hoping model provides an easier way for the analysis of
the correlations structure, see Sec. III A, and for the small
diffusion coefficient limit, Eq. (21).

In the small C limit the three-molecule ABC correla-
tions are important, since the reaction act—annihilation
of a triple—changes the concentrations of both A and
B in the RZ from it’s maximum value to zero, i.e.,
§5(Cyh) = 6(Cp) = C%(p)- Threfore, three-particle cor-
relations cannot be decoupled. Meanwhile, since the
concentrations are small, the linear boundary condition,
Eq. (29b), is valid. Configurations with more then one
particle A and/or B in the RZ are improbable and the
reaction occurs when the A particle joins the C'B pair or
when the B particle joins the C' A pair. Therefore, the
limiting mean reaction rate, Egs. (20) and (30), in this
case equals to the rate of jumps of the particles A(B) to
the RZ of CB(A) pair, multiplied by the mean concen-
tration of C B(A) pairs, which means that k:, o< Qksmor-
When Dg — 0, the reaction is limited by the transport
of B particles to C and the reaction rate, Eq. (21), is the
same as for the bimolecular reaction B + C = 0 with
kapp = kSmol-

For large C sites, fluctuations of A and B concentra-
tions in the RZ are much smaller than the mean values
and, therefore, the decoupled (but nonlinear) equations
for A and B concentrations, Egs. (23), (31), and (32),
are valid. For k; — 0, Egs. (24) and (34) predict a non-
renormalized value, kopp = k¢; for k: — oo, Egs. (24),
(25), (34), and (35) predict the same reaction rate that
one can expect for diffusion-controlled bimolecular reac-
tion. Note that the reaction “chooses” from A and B
the reagent with the smallest effective reaction rate [25].
More detailed analyses of the correlator structure will be
published in a subsequent publication.
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